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j>^ ; 1 Introduction 



The pricing of interest rate derivatives is usually performed by the change of numeraire 
technique under a suitable forward measure P. On the other hand, the computation 
of hedging strategies for interest rate derivatives presents several difficulties, in par- 
ticular, hedging strategies appear not to be unique and one is faced with the problem 
of choosing an appropriate tenor structure of bond maturities in order to correctly 
hedge maturity-related risks, see e.g. [2] in the jump case. 
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In this paper we consider the apphcation of the change of numeraire technique to 
the computation of hedging strategies for interest rate derivatives. The payoff of an 
interest derivative is usually based on an underlying asset priced Xt at time t (e.g. a 
swap rate) which is defined from a family {Pt{Ti))i of bond prices with maturities (Tj)j. 

In this paper we distinguish between two different modeling situations. 

(1) Modeling Xt as a Markov diffusion process 

dXt = at{Xt)dWt (1.1) 

where (Wt)teR+ is a Brownian motion under the forward measure P. In this 
case delta hedging can be applied and this approach has been adopted in [7] 
to compute self-financing hedging strategies for swaptions based on geometric 
Brownian motion. In Section IHof this paper we review and extend this approach. 

(2) Modeling each bond price Pt{T) by a stochastic differential equation of the form 

dPt{T) = rtPt{T)dt + Pt{T)Ct{T)dWt, (1.2) 

where Wt is a standard Brownian motion under the risk-neutral measure P. 
In this case the process Xt may no longer have a simple Markovian dynamics 
under P (cf. Lemma [3l2] or (13.161) below) and we rely on the Clark-Ocone formula 
which is commonly used for the hedging of path-dependent options. Precisely, 
due to the use of forward measures we will apply the Clark-Ocone formula under 
change of measure of [H]. This approach is carried out in Section [3J 

We consider a bond price curve {Pt)teR+, valued in a real separable Hilbert space G, 
usually a weighted Sobolev space of real-valued functions on R+, cf. [4] and § 6.5.2 
of [1], and we denote by G* the dual space of continuous linear mappings on G. 

Given n E G* a. signed finite measure on R_|_ with support in [T, oo), we consider 

/oo 
Ptiy)l^idy), 



which represents a basket of bonds whose maturities are beyond the exercise date 
T > and distributed according to the measure /i. The value of a portfoho strategy 
(0t)tG[o,T] is given by 

/•oo 

(1.3) 



Vt:={(j)uPt)G',G= / Pt{y)Udy) 

IT 



where the measure 4>t{dy) represents the amount of bonds with maturity in [y,y + dy] 
in the portfoho at time t G [0,T]. 

Given u E G* another positive finite measure on R_|_ with support in [T, oo), we 
consider the generahzed annuity numeraire 

P,{u):={u,Pt)G*,G = J PtiyHdy), 
and the forward bond price curve 



Pt 



< t < T, 



Ptir^y 

which is a martingale under the forward measure P defined by 



E 



dF 



J's 






where the maturity S is such that S >T. 



:i.4) 



In practice, ^Ji{dy) and ^{dy) will be finite point measures, i.e. sums 

j 
^akSr^idy) 



k=i 



of Dirac measures based on the maturities Ti, . . . ,Tj > T of a given a tenor structure, 
in which ak represents the amount allocated to a bond with maturity Tk, k = i, . . . ,j. 
In this case we are interested in finding a hedging strategy (f)t{dy) of the form 



t{dy) = ^ak{t)6T,{dy) 



k=i 



in which case (11.31) reads 

3 

Vt = Y,Mt)Pt{Tk), 0<t<T, 

k=i 

and similarly for Pi(/i) and -Pf(z^) using fi{dx) and ^{dx) respectively. 

Lemma 12.11 below shows how to compute self-financing hedging strategies from the 
decomposition 

e = iE[e]+ / (0.,rfA)G-,G, (1.5) 

Jo 
of a forward claim payoff ^ = ^/ Psiv), where {(t>t)te[Q,T] is a square-integrable G*- 
valued adapted process of continuous linear mappings on G. The representation (11.50 
can be obtained from the predictable representation 

e = lE[eK / {at.dWt)H. (1.6) 



^0 

where {Wt)ti^K+ is a Brownian motion under IP with values in a separable Hilbert space 
if, cf. (12. 7p below, and (dJigR^ is an ii^-valued square-integrable J-^-adapted process. 

In case the forward price process Pt = Pt/Pt{i^), t G R+, follows the dynamics 

dPt = atdWt, (1.7) 

where {(Tt)teR+ is an Chs{.H, G')-valued adapted process of Hilbert-Schmidt operators 
from H to G, cf. [Ij, and al : H ^ G* is invertible, < t < T, Relation ([TT]) shows 
that the process {4>t)t&R+ in Lemma [2?T] is given by 

0t = ia;)-'au 0<t<T. (1.8) 

However this invertibility condition can be too restrictive in practice. 

On the other hand the invertibility of cr^ : G* — > iJ as an operator is not required in 
order to hedge the claim ^. As an illustrative example, when if = R we have 

i = ni] + / &tdWt = ni] + E c, /" -^dPtix^, 



where {Ti,...,T„} C R+ is a given tenor structure and Ci,...,c„ G R+ satisfy 
ci + ■ ■ ■ + Cn = 1, and we can take 



n 

at 



Such a hedging strategy (0t)fg[o,T] depends as much on the bond structure (through 
the volatihty process <yt{x)) as on the claim ^ itself (through a^), in connection with 
the problem of hedging maturity-related risks. 

The predictable representation (II. 6p can be computed from the Clark-Ocone formula 
for the Malliavin gradient D with respect to {Wt)t£R^i cf. e.g. Proposition 6.7 in 
§ 6.5.5 of [Ij when the numeraire is the money market account, cf. also [10] for 
examples of explicit calculations in this case. This approach is more suitable to a 
non-Markovian or path-dependent dynamics specified for {Pt)te'R+ ^^ ^ functional of 
{Wt)teR+- However this is not the approach chosen here since the dynamics assumed 
for the bond price is either Markovian as in (II. ip . cf. Section HI or written in terms 
of Wt as in ([LSD, cf- Section El 

In this paper we specify the djTiamics of {Pt)teR+ under the risk- neutral measure and 
we apply the Clark-Ocone formula under a change of measure [9], using the Malliavin 
gradient D with respect to Wt, cf. (I2.10p below. In Proposition 13.11 below we com- 
pute self-financing hedging strategies for contingent claims with payoff of the form 
^ = Psiu)g{PTifx)/PTiu)). 

This paper is organized as follows. Section |2] contains the preliminaries on the deriva- 
tion of self-financing hedging strategies by change of numeraire and the Clark-Ocone 
formula under change of measure. In Section 12] we use the Clark-Ocone formula under 
a change of measure to compute self-financing hedging strategies for swaptions and 
other derivatives based on the dynamics of (Pt)teR+- In Section H] we compare the 
above results with the delta hedging approach when the dynamics of the swap rate 
(Xt)tgR , is based on a diffusion process. 



2 Preliminaries 



In this section we review the hedging of options by change of numeraire, cf. e.g. [5], 
[TT] . in the framework of pLj. We also quote the Clark-Ocone formula under change 
of measure. 



Hedging by change of numeraire 

Consider a numeraire (Mi)igR^ under the risk-neutral probability measure P on a fil- 
tered probability space {Q, (J-t)tgR^,P), that is, {Mt)teB.+ is a continuous, strictly pos- 
itive, J-'f-adapted asset price process such that the discounted price process e~ Jo ^"'^^Mt 
is an J-'t-martingale under P. 

Recall that an option with payoff ^, exercise date T and maturity S, is priced at time 

t as 



E 



-ffrsds^ 



T, 



MtiE[e|J-t], o<t<r. 



under the forward measure P defined by 

"dP 



IE 



:fs 



e-LfrsdsMs_ 



Mo 



(2.1) 



(2.2) 



S > T, where 



i^±eLHF,7s) 



denotes the forward payoff of the claim ^. 



In the framework of [T], consider {Wt)t£R+ a cylindrical Brownian motion taking values 
in a separable Hilbert space H with covariance 



E[Ws{h)Wt{k)] = {sAt){h,k) 



H, 



h,k e H, s, t e Ra 



and generating the filtration {J^t)teR+- Consider a continuous J-f-adapted asset price 
process (Xt)tgR+ taking values in a real separable Hilbert space G, and assume that 
both (Xi)t£R^ and {Mt)teR+ are Ito processes in the sense of § 4.2.1 of [1]. The forward 
asset price 



X 



t •- 






< t < T, 



is a martingale in G under the forward measure P, provided it is integrable under P. 



The next lemma will be key to compute self-financing portfolio strategies in the assets 
{Xt,Mt) by numeraire invariance, cf. [TT], |S] for the finite dimensional case. We say 
that a portfolio (0t,''?t)tG[o,T] with value 



uXt)G*,G + mMt, 0<t<T, 



is self-financing if 



dVt= {(j)t,dXt)G*,G + VtdMt. 
The portfolio {4>t,Vt)te[o,T] is said to hedge the claim ^ = MsC, if 



(2.3) 



, Xt)G',G + VtMt = E [e- ^' '^"'Msi 



Tt 



0<t<T. 



Lemma 2.1 Assume that the forward claim price Vt := lE[^|J^t] has the predictable 
representation 



Vt = ni] + 



,dX,)G-^., 



G; 



< t < T, 



(2.4) 



where {(t>t)te[Q,T] 'is a square-integrable G*-valued adapted process of continuous linear 
mappings on G. Then the portfolio {4>t,Vt)tG[o,T] defined with 



Vt = Vt-{(Pt,Xt)G',G, 0<t<T, 



(2.5) 



and priced as 



Vt = {(j)t, Xt)G*,G + VtMt, < t < T, 

is self -financing and hedges the claim C, = MsC,- 

Proof. For completeness we provide the proof of this lemma, although it is a direct 
extension of classical results. In order to check that the portfolio {(pt, Vt)t<^io,T] hedges 
the claim ^ = Mg^ it suffices to note that by (12. ip and (12. 5 p we have 



, Xt)G*,G + VtMt = MtVt = E \e-^'''^'''Msi 



Tt 



0<t<T. 



The portfolio (0^, ''7t)ie[o,T] is clearly self-financing for (Xj, 1) by (12.41) . and by the semi- 
martingale version of numeraire invariance, cf. e.g. page 184 of [IT], and [6], it is also 
self-financing for {Xt,Mt). 

cf. also § 3.2 of [8] and references therein. 

For completeness we quote the proof of the self-financing property, as follows: 

dVt = d{MtVt) 
= VtdMt + MtdVt + dMt ■ dVt 
= VtdMt + Mt{(l)t, dXt)G*,G + dMt ■ {(t)t, dXt)G*,G 
= {<j)t, Xt)G*,GdMt + Mt{(j)t, dXt)G*,G + dMt ■ {<f)t, dXt)G*,G + {Vt - {<Pt, Xt)G',G)dMt 

= {<j)t, d{MtXt))G*,G + {Vt - (0t, Xt)G',G)dMt 

= {(Pt,dXt)G*,G + VtdMt. 

D 
Lemma ETT] yields a self-financing portfolio {(pt,Vt)t€[o,T] with value 

Vt = Vo+ f VsdM, + [ (0„ dXs)G*,G, < t < T, (2.6) 

^0 Jo 

given by (12. 3p . which hedges the claim with exercise date T and random payoff ^. 

Clark formula under change of measure 

Recall that by the Girsanov theorem, cf. Theorem 10.14 of [3J or Theorem 4.2 of [1], 
the process (Wt)teR+ defined by 

dWt = dWt - -^dMt ■ dWt, t G R+, (2.7) 

Mt 

is a if-valued Brownian motion under P. Let D denote the Malliavin gradient with 
respect to {Wt)t£R+, defined on smooth functional 

i=f{Wt,,...,WtJ 



of Brownian motion, / G Cfc(R"'), as 



df 



Dti = J2Mo,tdt)^iWt.^---^Wtj, ten, 



fc=i 



dxk 



and extended by closability to its domain Dom(D). The proof of Proposition 13.11 
relies on the following Clark-Ocone formula under a change of measure, cf. [9j, which 
can be extended to if-valued Brownian motion by standard arguments. 

Lemma 2.2 Let {'~ft)teR+ denote a H -valued square-integrable J^t-o-dapted process such 
that 7( G Dom (D), t G R4., and 

dWt = -ftdt + dWf 



Let C, G Dom (D) such that 



E 



uo 



and 



E 



\i\ 



iDt^Wndt 



DasdWs 



< 00 



dt 



H 



< 00. 



Then the predictable representation 



^ = m]+ / {at,dWt)H 
Jo 



is given by 



di = E 



Ae + U DaJWs 



Tt 



0<t<T. 



(2.8) 



(2.9) 



(2.10) 



3 Hedging by the Clark-Ocone formula 

In this section we present a computation of hedging strategies using the Clark-Ocone 
formula under change of measure and we assume that the dynamics of {Pt)teR+ is 
given by the stochastic differential equation 



dPt = TtPtdt + PtCtdWt. 



(3.1) 



in the Sobolev space G which is assumed to be an algebra of real-valued functions on 
R+, and (Ct)teR+ is an ^//^ (if, G)- valued deterministic function. 



The aim of this section is to prove Proposition 13.11 below under the non-restrictive 
integrability conditions 



JT 



\\ay)rHn\PT\\y)]Kdy)dt <oo 



and 



T poo 



JT 



\Uy)\?Hn\PTm\\pT\\y) + \Pt\\y))Hdy)dt < oo. 



(3.2) 



(3.3) 



which are respectively derived from (12.81) and (12. 9p . The next proposition provides 
an alternative to Proposition 3.3 in [lO] by applying to a different family of payoff 
functions. It coincides with Proposition 3.3 of [lOj in case S = T and u = 6t- 

Proposition 3.1 Consider the claim with payoff 

'PAf^) 



e = Psii^)9 



PtM 



where g : H -^ H is a Lipschitz function. Then the portfolio 



tidy) = E 



-^--9 (PAl^)) 



Tt 



fi{dy)+'E 



(gipTif^)) - Prif^WipTim 



Priy) 



Ptiy) 



Tt 



(3.: 



v{dy) 



<t <T, is self- financing and hedges the claim ^. 



Before proving Proposition 13.11 we check that the portfolio (pt hedges the claim ^ 
PsW)g{.PT{,lj)) by construction, since we have 



^t-(0t,Pt)G*,G = Pt{v)tL g{pT{^l)) 



PAv)M 



giPAt^)) 



Tt 
J't 



Pt{y)Udy) 



E 



E 



^'^'^■g\pT[,)) 



Tt 



Ptiy) 

(giPrifi)) - PT(/i)^'(PT(/i))) 



Pt{y)Kdy) 

Priy) 



Ptiy) 



Tt 



Pt{y)y{dy) 
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-Pt{y) / E 
Jt 



pT{y)9'{pT{fi)) J't Kdy) 



+Pt{u) j E \PT{ii)g\PT{li))PT{y) -FtJ y{dy) 
= 0. 

The identity f l3.5p will also be used in the proof of Lemma 13.51 below. 



(3.5) 



Before moving to the proof of Proposition 13.11 we consider some examples of applica- 
tions of the results of Proposition l3.lt in which the dynamics of {Pt)teR+ is given by 

da. 

Exchange options 

In the case of an exchange option with S = T and payoff {PT{^Ji) — k,Pt{i^))^, Propo- 
sition 13.11 yields the self- financing hedging strategy 



Mdy) = E 


" PAy) 


Tt 


= E 


" PAy) 


J't 


Bond options 







fi{dy) — kE 
i^dy) - Kv{dy)). 



PAy) 



{Pt(m)>«} 



Pt{y) 



Tt 



v{dy) 



In the case of a bond call option with S = T and payoff {Pt{U) — k,)^ and /i = 6u, 
V = 6t, this yields 



(pJdy) = ^^^E 



^{Pt(U)>h 



,yPAU)J't 6uidy)-Kt:. 



-{PTiU)>K} 



Tt 



5Ady). (3.6) 



This particular setting of bond options can be modeled using the diffusions of Section H] 
since in that case -Pi(/^) = Pt{U) / Pt(T) is a geometric Brownian motion under P with 
volatility 

a{t) = aU) - Ct{T) (3.7) 

given by (I3.12p below, in which case the above result coincides with the delta hedging 
formula (I4.10p below. 
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Caplets on the LIBOR rate 

In the case of a caplet with payoff 



iS-T)iL{T,T,S)-t,)+ = {PT{S)-'-{l + t,{S-T))y 



on the LIBOR rate 



L{t,T,S) 



Pt{T)-Pt{S) 



iS-T)PtiS) 
and fj, = 6t, i^ = Ss, Proposition 13.11 yields 



0<t<T <S, 



(3. 



(3.9) 



tidy) 



PtjS) 
PtiT) 



E 



Pt{S) 



-{Pt(5)<1/(1+k(5-T))} 



:Ft 



h{dy) 



(3.10) 



-{1 + k{S-T))M 



L{Pt(S)<1/(1+«{S-T))} 



J't 



^s{dy) 



In this case, -Pt(Ai) = Pt{T)/ Pt{S) is modeled by a geometric Brownian motion with 
volatility a{t) = (t(T) — (t{S) as in Section [Hand the above result coincides with the 
formula (14. lip below. 

Swaptions 

In this case the modeling of the swap rate differs from the diffusion model of Section HI 
For a swaption with S = T and payoff (Pr(Tj) — Px{Tj) — hPt{i'))'^ on the LIBOR, 

where 

i-i 

ix[dy) = 6t, (dy) - 5t^ (dy) and iy{dy) = ^ r^^r^^^ (dy), 
with Tfc = Tfc+i — Tfc, fc = z, . . . , j — 1, we obtain 



k=i 



tidy) 



E 



-{Pt(m)>k}' 



PTXT^) 



PtiT,) 



Tt 



i-1 
-ft; ^ T-fc_ilE 

fc=i+l 



5T,(ciz/)-(l + ft:r,-i)lE 
^T.(Tfc; 



L{Pt(m)>«} 



PtXT, 



PtiT, 



Tt 



^{Pt(m)>«} 



Pt(T, 



:Ft 



^tMv)- 



Sr.idy) 
(3.11) 



The above consequence of Proposition 13.11 below differs from (I4.13P in Section |4] be- 
cause of different modeling assumptions, as the deterministic volatility (13.70 has no 
analog here, cf. (13.130 . (I3.16P below. 
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Proof of Proposition \3.1\ By Lemma 13.51 below the forward claim price Vt has the 
predictable representation 

Vt = E[e] + / (0., dPs)G*,G, 0<t<T. 
Jo 

Hence by Lemma 12.11 the portfolio priced as 

Vt = (0i, Pt)G',G, < t < T, 

is self-financing and it hedges the claim ^ = Ps{i')g{PT{fJ')/PT{^)), since r^t = by 
(123|) and ([33]). D 

The next lemma, which will be used in the proof of Lemma 13.41 below, shows in 
particular that for fixed U > 0, {Pt{U))t^K^ is usually not a geometric Brownian 
motion, except in the case of bond options with fi{dy) = 6u{dy) and t^idy) = 6T{dy), 
where we get 

ci^ = ^(C.(f/)-0(T)m, 

and 

a{t) = Ct{U)~aT), 0<t<T. (3.12) 

Lemma 3.2 For all y G R+ we have 

dPt{y)=at{Pt,y)dWt, t,y eli+, 
where 

at{hy) := Pt{y) Pt{z){ay)-Uz))y{dz), t,|/GR+. (3.13) 

JT 

Proof. Defining the discounted bond price Pt by 

Pt = exp f- f rjsj Pt, t G R+, (3.14) 

we have 

'Ptiy) 



dPtiy) = d 



13 



'""^^'KhwiJ^^+dPM-d^ ' 



Pt{u) \Pt{i^)J \Pt{i^ 

dPtiy) ^ PM I dPtju) ^ ( dPt{v) \ ^\ dPtiy) dPt{v) 



Pt{u) Pt{u) y Pt{u) \ Pt{u) J ) Pt{u) Pt{u) 
dPt{y) p. . dPt{u) 

/•OO /"OO 

+Pt{y) / Pt{s) / Pt{z)az)as)u{dz)u{ds)dt 
Jt Jt 

/OO 
Pt{z)az)y{dz)dt 

= Pt{y)ay)dWt-Pt{y) Pt{z)Ct{zHdz)dWt 

Jt 

poo /'OO 

-Ptiy) Pt{s) Ptiz)iCtiy) - Ctiz))CtisMdz)iyids)dt 
Jt Jt 

^oo 

= Ptiy) Ptiz)iCtiy) - Ctiz)Mdz)dWt 
Jt 

/'OO /*oo 

-Ptiy) Ptiz)iCtiy) - Ctiz)) Ptis)Ctis)i^ids)i^idz)dt 

Jt Jt 

/•OO 

= Ptiy) Ptiz)iCtiy) - Ctiz))iyidz)dWt, 
Jt 

by the relation 

/OO 
Ptis)Ctis)iyids)dt, t e R+, (3.15) 

which follows from fl2.7l) . D 

In the case of a swaption with fiidy) = ^t^ idy) — 6Tj idy) and I'idy) = J2k~i '^k^Tk+i i^y), 
Ptifi) becomes the corresponding swap rate and Lemma [3^ yields 

^i4 = i4 i^iUT,) - C.(T,)) + gr,^^^il(0(TO - Ctin,^))] dWt, 
Ptiu) Ptiu) \Ptilj) ^. PM) J 



(t) = ^(Ct(^^) - CtiT,)) + Y.rk^^^^UTi) - C*(T,+i)), (3.16) 



which shows that 

a 

fail] ^^^^ ^' '-"■ -"' 

k=i 

<t <T, and coincides with the dynamics of the LIBOR swap rate in Relation (1.28 
page 17 of [12] . 
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Lemma 13.31 has been used in the proof of Proposition 13. 1[ 
Lemma 3.3 We have 

DtPu{y) = MPu,y), 0<t<u, yeli+, (3.17) 

where 

POO 

at{Pu,y) = Pu{y)J Pu{z){Ct{y)-Ct{z)Mdz), (3.18) 

< t < M, yG R+. 
Proof. The discounted bond price Pt defined in (I3.14p satisfies the relation 

Puiy) = Po(z/)exp U\t{y)dWt -\j^^ \ay)\'dt\ , y g R+, 

with 

D^PT{y) = PT{y)Uy). 0<u<T, yGR+. 
Hence from the relation 



we get 



dPuiy) = Uy)Pu{y)dWt, y e R+, 



DA{y) = a£^ 

Pu{l^) 

DtPujy) Pujy) DtPu{y) 
pJu) Pjy) PuM 



Ctiy) - / Ct{z)-~—-iy{dz) 



Pu{i^) \ Jt Pu{i^) 

POD 

= Puiy) / Puiz)iCtiy) - Ctiz)Mdz) 
Jt 

= at{Pu,y), 

< t < n, y G R+. D 

The following lemma has been used in the proof of Lemma 13.51 
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Lemma 3.4 Taking ^ = g^Px^fi)), the process in Lemma \2.S\ is given by 



E 

It 

poo 

+ / E 

Jt 



'pT{ii)g'{pT{fi))pTiy)\j't]Ct{yHdy) 

g{pT{ii)){PT{y) - A(i/))|^t] ay>{dy) 

Proof. By fl3.15p . the process {;~it)t&K+ in P-lUp is given by 

/■oo 

It = / Pt{s)Ct{s)y{ds) eH, te R+. 



Taking ^ = g{pT{fi)), Lemma fl?2\ yields 



Vt = n9iPTif^))]+ / {&s,dWs)H, 
Jo 



< t < r, 



where 

d, = E 



^, 



D^giPrifi)) + giPrif^)) j D, j Pu{y)Uy>{dy)dWu 
< s <T. By integration with respect to fi{dy) in (I3.17P we get 

APT(/i) = / ay)pTiy)^idy) - Prill) / ay)PAyHdy) 



(3.19) 



which allows us to compute Dtg{pT{fi)) = g'{PTil^))DtPT{fJ') in fIXiQl) . < t < T. 
On the other hand, by Lemmas 13.21 and 13.31 the second term in (13.191) can be computed 
as 

i-T roo 



t JT 



T poo 

A / Pu{y)Uy)y{dy)dWu 

t Jt 

T poo 

I ^uiPu,y)Ct{yMdy)dWu 

t JT 

oo pT 

/ cruiPu,y)dWuCtiy)i^idy) 

T Jt 

oo pT 

/ dPMUyHdy) 

T Jt 



MPu,y)Cu{y)i^{dy)dWu 



[PT{y)-Pt{y))Ct{y>{dy), 
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where d't{Pu^y) is given by fl3.18p above, hence 

Dtj Pu{y)ayMdy)dWu 

/T poo 

Dtj Pu{y)ay>{dy)dWu 

= g\pT{i^)) / ay)PT{yMdy) - pTiiiWipTiii)) / Ct{y)pT{yHdy) 



+ / gipTifi))ipTiy) - Pt{y))Ct{yMdy), 

JT 

which is square-integrable by Conditions (13.21) and (13. 3p . 



By (I3J9D . this yields 



at 



oo 

E 

T 

oo 

E 

T 

oo 

+ / E 

T 






The next lemma has been used in the proof of Proposition 13.11 
Lemma 3.5 The process (pt in the predictable representation 



Vt = m]+ I {(l>s,dP,)G*,G, 
'0 



< t < T, 



of the forward claim price Vt := E[.^|J-'(], cf. (12. 4p . is given by 



tidy) = E 



Pt{y) 



Tt 



fi{dy)+'E 



(gipTif^)) - Prif^WiPAm 



PAy) 



Pt{y) 



n 



J't 



u{dy), 



0<t<T, 

Proof. By Lemma [3.41 above we have, since Pt{i' 



Pt{y) 



{at, dWt) 



H 



E 



T 



T Pt{y] 

g\PT{li))PT{y)\J't\ ay)li{dy)dWt 
17 



v{dy) = 1, 



1^ E [g{Pr{fi)){pT{y) - Ptiy))\j't] ^{dy) {^^ - ndt^ 



- / E 

Jt 

/■oo 

+ / E 

Jt 

POO 

L ^ 

fOO 

+ / E 

It 

POO 

L ^ 

POO 

- / E 

Jt 

POO 
POO 

/ E 

Jt 

POO 

+ / E 

Jt 



pT{fi)g\PT{fi))PT{y)\j't]Ct{yHdy)dWt 
'g{pT{ii)){PT{y) - Pt{y))\:F^ ay)y{dy)dWt 



g'{pT{^i))pT{y) Tt 



'pT{^)g\pT{^))pT{y) 



Kdy) ( -FTT-r - ^tdt 



J't 



Pt{y) 

dPtiv) 



g'{pT{fi))pT{y) J't] Kdy) 



, dPt{y) 
Pt{y) 



pT{^^)g'{pT{^^))pT{y)\J']v{dy) 
'gipTifi))ipTiy)-Pt{y)) 



dPt{y) 



, dPt{y) 
Pt{y) 

v{dy)- 



Pt{y) 



-E 

1 



9 



PriyWipTif^)) J't] Kdy)^^rY 
' pT{y){g{pT{fA) - PT{ii)9\pT{m 



J't 



V 



idy) 



dPt{y) 
Pt{y) 



Tt 



Pfiy) 



= -^^{<Pt,dP,{y))G,G-V,^f'' 



p) 



and by fl2.7p and (13. 5p we have 



(dj, dWt)H = {&t, dWt)H - irrdMt ■ {at, dWt)H 

Mt 



= (at 



= {at, dWt)H - ^dMt ■ i-^^{<Pt, dPt)G^,G - JfVtdMt] 

dWt)H - -^dMt ■ ({<Pt,dPt)G',G + -^^{(pt,Pt)G*,GdMt 



+ ^dMt ■ {^t, dPt)G',G - Jf/tdMt) 



= {at, dWt)H - -^dMt ■ ({<Pt, dPt)G^G + -^^Mt ■ (0*, dPt)G*,G\ 



^{<Pt, dPt)G^G - ^VtdMt - -^dMt ■ {(Pt, dPt)G',G 

{(f)t,dPt)G*,G, 



(3.20) 



since 



dPt = MtdPt + VtdMt + dMt ■ dPt. 



n 



When the forward price process {Pt)te'R+ follows the dynamics fll.7p . Relation (13.200 
above shows that we have the relation 

{at,dWt)H = {(l)udPt)G',G = (0t,MW^t)G*,G, 



which shows that 



and recovers (11.81) . 



ttt = (^t<Pt, 



4 Delta hedging 

In this section we consider a G-valued asset price process (X()(gR^ and a numeraire 
{Mt)t£R+, and we assume that the forward asset price Xt '■= Xt/Mt, t G R+, is 
modeled by the diffusion equation 



dXt = MXt)dWt, 



(4.1) 



under the forward measure P defined by (12. 2p . where x i— ?> (7t{x) G Chs{H,G) is a 
Lipschitz function from G into the space of Hilbert-Schmidt operators from H to G, 
uniformly in t G R+, 

Vanilla options 

In this Markovian setting a Vanilla option with payoff ^ = Msg{XT) is priced at time 

t as 



E 



e-^'^^'i^MsgiXT) 



Tt 



M,E 



m- 



T 



Tt 



MtC{t,X, 



t), 



(4.2) 



for some measurable function G{t,x) on R+ x G, and Lemma [2.11 has the following 
corollary. 
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Corollary 4.1 Assume that the function C{t,x) is C^ on R_|_ x G, and let 

7]t = C{t,Xt) - {VC{t,Xt),Xt)G*,G, 0<t<T. 
Then the portfolio (VC{t,Xt),f]t)t£[o,T] with value 

Vt = VtMt + {VC{t, Xt),Xt)G',G, 0<t<T, 

is self-financing and hedges the claim ^ = Msg{Xx)- 

Proof. By Ito's formula, cf. Theorem 4.17 of [3], and the martingale property of Vt 
under P, the predictable representation fl2.4p is given by 

^t = VC{t,Xt), 0<t<T. 

D 



When 



and 



/oo 
Ptiy)Kdy), 



/"OO 

Mt = Ptiu) = (z/, Pt)G*,G = J PtiyMdy), 
Corollary 14.11 shows that the portfolio 

Udy) = ^{t,Xt)ii{dy)+{c{t,Xt)-Xt — {t,Xt)\u{dy), (4.3) 

< t < T, where C{t,x) is defined in (14.21) . is a self-financing hedging strategy for 
the claim 

^ = Ps{v)g 



^Prii^ 
with Mt = Pt(iy), t e R+. 



When G = R and {Xt)t£R^ is a geometric Brownian motion with deterministic volatil- 
ity if-valued function (o"(t))igR^ under the forward measure IP, i.e. 

dXt = XMt)dWt, (4.4) 
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the exchange call option with payoff 



MsiXr - k) 



is priced by the Black-Scholes-Margrabe formula 



E 



e- ^f ^^^-^Xt - kMt) 



Tt 



Xi<(t,«:,XO -«:Afi<l'^(t,«:,XO, t E R+, 

(4.5) 



where 



<l>°(t,K,x) = $ 



and 



log(x/ft:) v(j:, T) 
v{t,T) + 



- j and <l>°.(t, K, x) = $ ( 



log(x/fi;) v{t,T) 
v{t,T) 2~ 

(4.6) 



v^{t,T) = / a\s)ds. 



By Corollary 14.11 and the relation 



dC , , ^ /'log(x//t) v(t,T) \ ,n / 



this yields a self-financing portfolio 



«(t,«:,XO,-«:<l>°_(t,«:,X,)),e 



[0,T] 



in (Xt, Mt) that hedges the claim ^ = (X7- — kMt) ■ In particular, when the short 
rate process (rt)fgR^ is a deterministic function and Mj = e"-'* ^'''^*, < t < T, (14. 5 p 
is Merton's "zero interest rate" version of the Black-Scholes formula, a property which 
has been used in [7] for the hedging of swaptions. 



In particular, from (14. 5 p we have 



E 



e-^''^'^'Ps{u){X'_ 



T - K 



Tt 



Pt{v)C{tX) (4.7) 

Pi(/x)$^(t, /£, Xi) - «:Pi(z/)$^(t, /€, Xt), 



and the portfolio 



hldy) = ^\{t,K,Xt)ii{dy)~K^''_(t,K,Xt)v{dy), 0<t<T, (4. 
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is self-financing, hedges the claim {Pt{^) — fi;Pr(z/))+, and is evenly distributed with 
respect to ii{dy) and to v{dy). 

As applications of f l4.3p and fl4.7p . we consider some examples of delta hedging, in 
which the asset allocation is uniform on fi{dy) and i^idy) with respect to the bond 
maturities y G [T, oo). 

Bond options 

Taking S = T, the bond option with payoff 

^ = MTg{PT{U)), 0<T<U, 

belongs to the above framework with 

fx{dy) = 5u{dy) and v{dy) = Sridy), 

hence Mt = Pt{y) = Pt{T) and when Xt = Pt{U)/Pt{T) is Markov as in (gl]), the 
self-financing hedging strategy is given from (14. 3 P by 

Mdy) = -g^{t,X,)6u{dy) + ic{t,Xt)-X, — {t,Xt) j 6T{dy). (4.9) 

Furthermore, when {Xt)teR+ is a geometric Brownian motion given by (14.40 under P, 
the bond call option with payoff 

{Prifi) - kPt{u))+ = {Pt{U) - «:)+ 

is priced as 

E [e-^" '•'''' {Pt{U) - «:)+|j-,] = P,(f/)<l>°+(t, «:,X,) - «:P,(T)<l>o_(t, «:,X,), 

and the corresponding hedging strategy is therefore given by 

Mdy) = ^'i{t,K,Xt)Su{dy) - K<!>'L{t,K,Xt)ST{dy), (4.10) 

from (14.81) . When the dynamics of {Pt)teR+ is given by (13. ip where Ct{y) is determin- 
istic, a{t) is given from (I3.12p and Lemma [3.21 as 

a{t) = Q{U)-Q{T), 0<t<T<U, 

and we check that (14.10p coincides with the result ( 13.60 obtained in Section [3], cf. also 
page 207 of [TO]. 
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Caplets 

Here we take T <S,Xt = Pt{iJ,) = Pt{T), Mt = Pt{v) = Pt{S), with 

fL(dy) = dxidy) and ^{dy) = Ssidy), 

and we consider the caplet with payoff fl3.8p on the LIBOR rate (13.91) . i.e. 

e = (5 - T){L{T, T, S) - k)+ = (Xt - (1 + <S - T)))+. 

Assuming that Xt = Pt{T)/Pt{S) is a (driftless) geometric Brownian motion under IP 
with a{t) a deterministic function, this caplet is priced as in (14. 7p as 



(5 - T) E \e--^'''''^\L{T,T, S) - k) 



M.E 



{XT-{i + K{s-T))y 



Tt 



= Pt{T)^l{t, 1 + k{S- T),Xt) - (1 + KiS - T))<l>°_(t, l + niS- T), X,)P,(5), 

since Ps{i^) = 1, and the corresponding hedging strategy is given as in (14.81) by 

Mdy) = ^l{t,l + K{S -T),Xt)ST{dy)-{l + K{S ~T))^'_{t,l + K{S -T),Xt)Ss{dy). 

(4.11) 
When the dynamics of {Pt)teR+ is given by (13. ip . where Ctiv) in (13. ip is deterministic, 
Lemma [32] shows that a{t) in (14. 4p can be taken as 



a 



{t) = Q{T)-Q{S), 0<t<T<S, 



and in this case (14. lip coincides with Relation (I3.10p above. 



Hedging strategies for caps are easily computed by summation of hedging strategies 
for caplets. 

Swaptions on LIBOR rates 

Consider a tenor structure {T < Tj, . . . ,Tj} and the swaption on the LIBOR rate 
with payoff 



e = PT{iy)g 



PtM 



(4.12) 
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where 



^* ~ TBI \ ~ "BT^ ' UStSJ, 



is the swap rate, which is a martingale under P, in which case we have 

i-i 
H[dy) = 6t, (dy) - 6t^ (dy) and u{dy) = ^ r^^rfc+i (dy) 

k=i 

and 

i-i 

Mt = Pt{u) = Y,^kPt{Tk+i) 

k=i 

is the annuity numeraire. 



When (Xt)igR^ is Markov as in ( 14. ip . the self-financing hedging strategy of the swap- 
tion with payoff fl4.12p is given by f l4.3p as 

4>Ady) = —{t,Xt)6TAdy)+[c{t,Xt)-Xt—{t,Xt)\J2^k-iSn{dy) 

\ / k=i+i 

+ U,C{t,Xt) - (1 + r,_iXi)^(t,XO J Sr^idy), 
0<t<T. 



Finally we assume that the swap rate 






is modeled according to a driftless geometric Brownian motion under the forward 

i-i 

swap measure P determined by Mf := y^TkPt{Tk+i), t E R+, with ((5"(t))jg[o,T] a 

k=i 

deterministic function. In this case the swaption with payoff 

{Prifi) - KPT{iy))+ = {Pt{T,) - Pt{T,) - kPt{u)Y , 
priced from (14. 7p as 



E 
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J't 



has the self-financing hedging strategy 

i-i 
-«:$"_ (t,«:,X,) Y, rk-i5T,{dy), (4.13) 

k=i+l 

by (14.81) . This recovers the self-financing hedging strategy 

i-i 

^l(t,K,Xt)5T^-^l{t,K,Xt)5T,-K^'.{t,K,Xt)Y,Tk5T,^. (4-14) 

k=i 

of [7], priced as 

i-i 
$^(t, «:, X,)P,(T,) - ^\{t, K, Xt)Pt{Tj) - «:<l>°_ (t, «:, X,) ^ rfcP,(rfc+i) 

k=i 

The above hedging strategy fl4.13p shares the same maturity dates as (13. lip above, 
although it is stated in a different model. 
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